Abstract. The equations of motion of flexible slender bodies with constant body sections immersed in a uniform axial flow are discussed and used to derive some simple results for the divergence speed and the flutter speed. The results are compared with a classical waving flag result in two-dimensional flow. The slender body result for the flutter speed is compared with values obtained from wind tunnel experiments for some low budget paper strips.
Introduction
In Milne-Thomson's book 'Theoretical Hydrodynamics' [-1 ] the problem of a two dimensional flapping flag is formulated in two examples, 18 and 19, in chapter XV as follows:
'18. Two portions of a large uniform stream of liquid of density p, flowing with velocity U, are separated by a plane boundary of perfectly flexible fabric, of mass m per unit area, and subject to a tension T, the boundary being parallel to the stream. Show that waves of length 2 can be propagated along the fabric, in the direction of the stream, with a velocity V given by
( 1.2) 19. Explain, giving the necessary theory, why a flag flaps in a breeze'.
In this paper the slender body problem corresponding to the waving flag problem referred to above is treated. Solutions corresponding to (1.1) and (1.2) will be derived for flexible slender bodies with arbitrary cross-sections which are invariable in the streamwise direction. For cases with nearly neutral buoyancy (i.e. with the density of the body nearly equal to the density of the surrounding fluid) the results are relevant to the readily observed wavy motions of weeds in a river. We also obtain some results for the divergence and flutter of a beam supported at both ends. Here divergence is the steady state aeroelastic instability and the term flutter is used for the oscillatory instability in a potential flow which involves no separation.
In the present context some general remarks on slender body theory are in order. Here a body is called slender if the local thickness in all directions perpendicular to the stream, is small with respect to the length in the direction of the undisturbed stream. A body whose local thickness is small in one direction only is called thin. Thus a line is the limit of a slender body as the thickness tends to zero, while the limit of a thin body is a surface. Whenever a slender body is laterally compressed the body may be both thin and slender, the result being a slender wing.
An essential feature of the slender body-approximation is that the velocity potential which describes the flow outside the boundary layer satisfies the two-dimensional Laplace equation in the near field. (In the far field the flow is dominated by a threedimensional dipole). Satisfying certain conditions of smoothness in the streamwise direction solutions are readily obtained for many flow regimes of practical interest. The idea to use the concept of virtual momentum of a lateral section is due to Munk [-2]. The same method is also applicable to unsteady flow problems. An interesting example of such an application is due to Lighthill [-3 ] who explains the swimming of slender fish. The theory indicates that efficient propulsion can be generated by a wave of increasing amplitude which passes down the body at a phase velocity V slightly larger than the swimming speed U. At the sharp trailing edge a weak Joukowski condition, which allows for a finite pressure jump, is being satisfied while vorticity is being shed into the wake. Positive thrust can only be generated at a positive rate of working by the body. Conversely, a negative rate of working by the body is associated with drag. This case, of course, is related to 'flutter' and instability of motion.
In [-4 ] and 1-5] the dynamics and the stability of towed flexible cylinders is discussed. Modes of oscillation are obtained for neutrally buoyant cylinders allowing for viscous effects and a variable tension in the bodies, keeping the nose of the body fixed in a steady stream. Surprisingly no reference is made in [-4] and [-5 ] to the fundamental results (1.1) and (1.2) or their slender body counterparts.
The stability problem and the voluntary swimming problem, where the body experiences a propulsive force by actively generating a wave passing down the body, are not the only ones which may lead to waves in a body.
As shown in 1-6] a wavy stream leads to a passive recoil mode with a phase velocity equal to the phase velocity of the oncoming waves when there is no tension in the body. Another example is a flag waving in the von Karman vortex street of the mast, where the wave velocity is dictated by the phase velocity at which the alternating vortices are convected downstream. In this paper, however, we consider the stability problem of slender bodies with constant tension and invariable body sections to derive the slender body counterpart of (1.1) and (1.2). Some experimental values for
